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Abstract
We study the Iwasawa theory of elliptic curves over certain infinite (non-commutative) p-adic Galois–Lie
extensions. In particular, we consider the analogue of the classical Iwasawa λ-invariant and Kida’s formula
for the dual Selmer group.
© 2006 Elsevier Inc. All rights reserved.
Let F be a number field and let E be an elliptic curve defined over F without complex
multiplication. Our aim in this paper is to study the Iwasawa theory of E along certain p-adic
Galois–Lie extensions of F , and in particular, to study the analogue of the classical Iwasawa
λ-invariant.
Fix a prime number p  5. Let F cyc be the cyclotomic Zp-extension of F and put ΓF :=
Gal(F cyc/F ). We shall mainly consider strongly admissible Galois extensions N∞ of F (cf.
[8,13], see Section 1 for the precise definition) so that the Galois group G := Gal(N∞/F )
is a pro-p, p-adic Lie group and F cyc is contained in N∞. Our Galois groups will often be
non-commutative. Two such field extensions over which Iwasawa theory has been studied ex-
tensively in recent years are the so-called “GL2-extensions” [5,16] and the “false Tate curve
extensions” [14]. The first extension is obtained as the trivialising extension for the Galois rep-
resentation associated to the elliptic curves without complex multiplication, where we assume in
addition that F = F(Ep).
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adjoining the p-power roots of some fixed integer m > 1 to F cyc, i.e. K∞ := F cyc(⋃n1 m1/pn).
Clearly the Galois group Gal(K∞/F ) is isomorphic to the semi-direct product Zp  Zp since
F ⊇ μp .
For a profinite p-adic Lie group G, we denote the Iwasawa algebra of G by Λ(G). Re-
call that in the classical cyclotomic Iwasawa theory, the structure theorem (cf. [22, Theo-
rem 13.12]) yields the definition of the λ-invariant and the μ-invariant for a finitely generated
left Λ(ΓF )-module M . Let N∞ be a strongly admissible p-adic Lie extension. Following
Coates–Howson [5] we consider an analogue of the λ-invariant for modules M over Λ(G)
which are finitely generated over Λ(NF ) where NF = Gal(N∞/F cyc). Namely, we consider the
Λ(NF )-rank of M (cf. [15]), defined as
rankΛ(NF ) M := dimQ(NF )
(
Q(NF )⊗Λ(NF ) M
)
,
where Q(NF ) is the skew field [11, Chapter 9] of Λ(NF ).
The main object of our study will be the Pontryagin dual Xp(E/N∞) of the Selmer group
of E (cf. Section 1) for certain strongly admissible p-adic Lie extensions N∞ of F . To study
the Λ(NF )-rank of Xp(E/N∞), we first need to know that it is finitely generated as a Λ(NF )-
module (see [3] for a general conjecture in this context). Assume that E has good ordinary
reduction at all primes of F over p. A deep conjecture of Mazur [19] asserts that Xp(E/F cyc)
is a finitely generated torsion Λ(ΓF )-module. It can be shown (Lemma 9) that if Mazur’s con-
jecture is true, and if μE(F) := μ(Xp(E/F cyc)) = 0, i.e., if Xp(E/F cyc) is a finitely generated
Zp-module, then Xp(E/N∞) is finitely generated over Λ(NF ). We point out that Xp(E/N∞)
being finitely generated over Λ(NF ) should be viewed as a generalisation of Mazur’s conjecture
under the condition μE(F) = 0.
In the cyclotomic case Hachimori and Matsuno [12] proved an analogue of Kida’s formula
for the change of the λ-invariant along a finite Galois p-extension L of F when μE(F) = 0
(see Theorem 14). Our main aim in this paper is to study the corresponding phenomenon for the
change in Λ(NF )-ranks (see Theorems 15–17) for the strongly admissible extensions N∞ cor-
responding to the two special cases mentioned above and also their compositum (see Section 4).
Our techniques are extensions of the techniques in [5,6,12] to the present context.
The paper is organised as follows. Section 1 is preliminary in nature, while in Section 2,
we consider the dual Selmer group over the extensions N∞ as a Λ(G)-module. We study the
cohomology groups of the Selmer group in Section 3. Section 4 is devoted to the study of the
change in Λ(NF )-ranks for finite p-extensions of F and lastly, we consider some numerical
examples in Section 5. In particular, we give an explicit numerical example for which the pseudo-
nullity conjecture [8, Conjecture B] is proven to be true.
1. Preliminaries
We shall fix the following notation for the rest of the paper. As before, F is a number field,
p  5 is a fixed prime and E is an elliptic curve over F without complex multiplication which
is assumed throughout to have good ordinary reduction at all primes of F dividing p. We shall
denote by F cyc the cyclotomic Zp-extension of F and by F∞ the extension F(Ep∞), where
Ep∞ is the group of p-power torsion points of E. By a result of Serre, the group Gal(F∞/F )
is an open subgroup in GL2(Zp). Let m > 1 be an integer and put K∞ for the false Tate curve
extension associated with m, i.e.,
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(⋃
n1
mp
−n
)
.
The compositum F∞ · K∞ is denoted by F∞. Let W := F∞ ∩ K∞. We also set notation for
various Galois groups, namely,
ZF = Gal(K∞/F ), GF = Gal(F∞/F ), GF = Gal(F∞/F ),
KF = Gal
(
K∞/F cyc
)
, HF = Gal
(
F∞/F cyc
)
, BF = Gal
(F∞/F cyc),
AF = Gal(F∞/F∞), TF = Gal(F∞/K∞), ΓF = Gal
(
F cyc/F
)
. (1)
Thus we have the following tower of extensions:
F∞
B ′
AF TF
F∞
HF
K∞
KF
W
F cyc
ΓF
F
(2)
Lemma 1. The extension W = F∞ ∩K∞ is of finite degree over F cyc.
Proof. The group Gal(W/F cyc) is a quotient of the Galois group HF = Gal(F∞/F cyc) which
is an open subgroup of SL2(Zp). On the other hand, it is also a quotient of the group KF =
Gal(K∞/F cyc)  Zp . But since open subgroups of SL2(Zp) do not have the group Zp as a
quotient, it is clear that W must be a finite extension of F cyc. 
For any finite set S of prime ideals in F , let FS be the maximal extension of F which is
unramified outside S and the infinite primes. Recall [13] that a p-adic Lie extension N∞ of F is
admissible ifN∞ ⊃ F cyc, the dimension of Gal(N∞/F ) is at least 2 and ifN∞ ⊂ FS for a finite
set S of places in F . An admissible extension is said to be strongly admissible if Gal(N∞/F ) is
pro-p and has no element of order p.
Throughout, we will assume that F = F(Ep). Let
Sp = {primes in F lying above p},
Sm = {primes in F dividing m, not dividing p},
Sbad = {primes in F at which E has bad reduction}.
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S ⊃ Sp ∪ Sm ∪ Sbad,
then all the three extensions (F∞,K∞,F∞) considered above are strongly admissible.
Remark 2. As p  5 and F = F(Ep), we see from [5, Lemma 5.29] that the set Sbad consists
only of primes in F at which E has split multiplicative reduction.
For any p-adic Lie group G, we have the Iwasawa algebra Λ(G) defined as
Λ(G) := ZpG = lim←− Zp[G/H ],
where H runs over the family of open normal subgroups of G. If M is a compact G-module,
then the action of G can be linearly and continuously extended to Λ(G). Thus we can regard
M as a Λ(G)-module. Note that the ring Λ(G) is often non-commutative and any module over
Λ(G) will be thought of as a left module.
If M is a module over the absolute Galois group of F , then we set the notation Hi (F,M) for
the cohomology groups Hi (Gal(F¯ /F ),M) and if L is any algebraic Galois extension of F then
we write Hi (L/F,M) for the groups Hi (Gal(L/F),M). We set notation M(p) := Mp∞ .
For any algebraic extension N of F , define Jv(N) := lim−→
⊕
w|v H1(Lw,E)(p) where Lw
denotes the completion of L at w for any finite extension L of F contained in N , for any prime
w of L lying above prime v of F and the direct limit is taken with respect to the restriction
maps. Recall that for any strongly admissible p-adic Lie extension L of F , the p∞-Selmer group
Selp∞(E/L) of E is defined by the exact sequence
0 → Selp∞(E/L) → H1
(
FS/L,Ep∞
)→⊕
v|S
Jv(L).
This is a discrete module over Λ(Gal(L/F)) and we denote its compact Pontryagin dual by
Xp(E/L) = HomZp
(
Selp∞(E/L),Qp/Zp
)
.
2. Xp(E/N∞) as a Λ(G)-module
In this section, we study the dual Selmer group over various strongly admissible extensions.
Let N∞ denote any of these strongly admissible extensions. Let G = Gal(N∞/F ) and NF =
Gal(N∞/F cyc). As G is pro-p, the ring Λ(G) is local and hence by Nakayama’s lemma [1] the
dual of the Selmer group Selp∞(E/N∞) is a finitely generated Λ(G)-module.
For a finer analysis of the dual Selmer groupXp(E/N∞), we study the Fundamental Diagram:
0 Selp∞(E/N∞)NF H1(F S/N∞,Ep∞)NF
ψN∞
(
⊕
v|S Jv(N∞))NF
0 Selp∞(E/F cyc)
α
H1(F S/F cyc,Ep∞)
λF cyc
β
⊕
v|S Jv(F cyc)
δ=⊕ δv (3)
104 A. Bhave / Journal of Number Theory 122 (2007) 100–120From the inflation-restriction sequence, we have
ker(β) = H1(NF ,Ep∞(N∞)), (4)
coker(β) ⊂ H2(NF ,Ep∞(N∞)) and (5)
ker(δ) :=
⊕
v|S
ker(δv)
=
⊕
v|S
H1
(N∞,u/F cycv ,E(N∞,u))(p), (6)
where u is any prime of N∞ lying above v.
Lemma 3. For N∞ = F∞ or K∞, we have ker(β) and coker(β) are finite.
Proof. By (4) and (5), we need to show that the groups Hi (HF ,Ep∞(F∞)) and Hi (KF ,
Ep∞(K∞)) are finite for i = 1,2. It has been proven in [7, (A6)], that the groups Hi (HF ,Ep∞)
are finite for i = 1,2.
Since KF  Zp , we have the p-cohomological dimension cdp KF = 1. Hence, H2(KF ,
Ep∞(K∞)) = 0. On the other hand, it is known by a result of Imai [17] that Ep∞(F cyc) =
H0(KF ,Ep∞(K∞)) is a finite group. As KF  Zp , the group H1(KF ,Ep∞(K∞)) is also finite
and the lemma is proved. 
Lemma 4. For N∞ = F∞ or K∞, the module ker(δ) is a cofinitely generated Zp-module.
Proof. By (6), the kernel is given by ⊕v|S H1(N∞,u/F cycv ,E(N∞,u))(p). For N∞ = F∞, it is
shown in [5, Lemma 6.7] that
corankZp ker(δ) = r(F ), (7)
where r(F ) is the number of primes in F cyc at which E has split multiplicative reduction. By
[14, Lemma 3.4], for the extension N∞ = K∞,
corankZp ker(δ) = s(F )+ 2t (F ), (8)
where s(F ) is equal to the number of primes of F cyc lying above m, at which E has split multi-
plicative reduction, and t (F ) is the number of primes v not dividing p lying above those in Sm
at which E has good reduction and for which Ep∞(F cycv ) = 0. Thus, in both these cases, ker(δ)
is a cofinitely generated Zp-module. 
Lemma 5. If N∞ =F∞, then the groups ker(β), coker(β) are finite.
Proof. Since all p-primary torsion points of E are defined over F∞, we have Ep∞(F∞) =
Ep∞(F∞) = Ep∞ . With notation as in (1), we thus have ker(β) = H1(BF ,Ep∞). The
Hochschild–Serre spectral sequence applied in (2), takes the form
Hi
(
HF ,Hj (AF ,Ep∞)
) ⇒ Hi+j (BF ,Ep∞).
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Hj (AF ,Ep∞) = 0 for j  2. (9)
Further, as the Galois group AF acts trivially on Ep∞ , we have
H0(AF ,Ep∞) = Ep∞,
H1(AF ,Ep∞)  Hom(AF ,Ep∞).
As AF is abelian, the Galois group HF acts on AF and we have a homomorphism
τ :HF → Z×p = Aut(AF ).
But HF is an open subgroup of SL2(Zp) and their Lie algebras coincide. As the Lie algebra of
SL2(Zp) is simple, this implies that an open normal subgroup H ′ ⊂ HF acts trivially on AF . In
fact, it is enough to take H ′ = Gal(F∞/W). We claim that
Hom(AF ,Ep∞)  Ep∞ (10)
considered as H ′-modules. Let γ be a fixed topological generator of AF . As any homomorphism
f ∈ Hom(AF ,Ep∞) is determined by its image on γ , it is easily checked that f → f (γ ) gives
an H ′-isomorphism in (10).
This therefore implies that Hi (H ′,H1(AF ,Ep∞))  Hi (H ′,Ep∞) and by [7] the groups
Hi (HF ,Ep∞) and Hi (H ′,Ep∞) are finite for all i  2. In particular, we get the finiteness of
the groups Hi (HF ,H1(AF ,Ep∞)) for all i. Thus the Hochschild–Serre spectral sequence along
with (9) and (10) implies that Hi (BF ,Ep∞) are finite for i  1 and this completes the proof of
the lemma. 
We shall next consider the kernel of δ for N∞ = F∞. For a prime v of F cyc lying above S,
we fix primes w,u and w′ in F∞,F∞ and K∞, respectively, so that u|w|v and u|w′|v. Then we
have the following tower of extensions:
F∞,u
B ′u
Au Tu
F∞,w
Hw
K∞,w′
Kw′
Wv
F
cyc
v
(11)
where the Galois groups are the corresponding decomposition subgroups of the Galois groups
occurring in (2). Let Bu := Gal(F∞,u/F cycv ) and let Wv := F∞,w ∩ K∞,w′ . We first remark
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cyc
v . Indeed, if it were an infinite
extension, then since Gal(K∞,w′/F
cyc
v )  Zp , we would necessarily have Wv = K∞,w′ which
in turn would imply that K∞,w′ ⊂ F∞,w and therefore F∞,w = F∞,u in which case ker(δ) is
studied in Lemma 4. However, we actually prove that Wv is a finite extension of F cycv in the
case v|p.
Lemma 6. Assume that v divides p. Let Wv = F∞,w ∩ K∞,w′ . Then Wv is a finite extension
of F cycv .
Proof. Let F˜v = Fv(E˜p∞) be the Galois extension of Fv obtained by adjoining the p-power
torsion points on the reduced curve E˜. This is an unramified extension of Fv whose Galois
group is isomorphic to Zp . Consider the composite extension F cycv · F˜v inside F∞,w . This is an
unramified extension of F cycv with Galois group isomorphic to Zp . Now suppose the extension
Wv is not finite over F cycv . Then as noted before, this implies that K∞,w′ ⊂ F∞,w . We thus have
two Galois extensions, namely F cycv · F˜v and K∞,w′ , with Galois group isomorphic to Zp . As
K∞,w′ is ramified, it is not contained in F
cyc
v · F˜v = F˜∞,w , say, which is a Galois extension of
F
cyc
v contained in F∞,w whose Galois group is abelian and is isomorphic to Z2p . But the Galois
group Gal(F∞,w/F cycv ) consists of matrices of the form
( a ∗
0 a−1
)
whose entries are in Zp . Thus
its Lie algebra, which is of dimension 2, is not abelian contradicting that Gal(F∞,w/F cycv ) has
an abelian quotient of the same dimension. This completes the proof of the lemma. 
For any finite extension L of F contained in FS , let r(L) be the number of primes of Lcyc at
which E has split multiplicative reduction, t (L) be the number of primes v of Lcyc lying above
those in Sm at which E has good reduction and such that Ep∞(Lcycv ) = 0. With this notation, we
have:
Lemma 7. IfN∞ =F∞, then the group ker(δ) is a cofinitely generated Zp-module of Zp-corank
equal to r(F )+ 2t (F ).
Proof. From (6), we have
ker(δ) =
⊕
v|S
H1
(F∞,u/F cycv ,E(F∞,u))(p).
We consider various cases of primes lying above S one-by-one.
Assume v divides p. Then the extension F∞,u is a deeply ramified extension in the sense
of [4]. By the theory of deeply ramified extensions (cf. [5, Proposition 5.15]), ker(δv) :=
H1(F∞,u/F cycv ,E(F∞,u))(p)  H1(F∞,u/F cycv ,D), where D is identified with E˜p∞ , the group
of p-power torsion points of the reduced curve E˜ modulo v. We consider the Hochschild–Serre
spectral sequence applied to figure (11), namely,
Hi
(
Kw′ ,Hj (Tu, E˜p∞)
) ⇒ Hi+j (Bu, E˜p∞). (12)
Clearly it suffices to prove that the group H1(Tu, E˜p∞) is finite. By Lemma 6, the extension
Wv = F∞,w ∩ K∞,w′ is a finite extension over F cycv . Hence the group B ′u := Gal(F∞,u/Wv) is
of finite index in Bu. Similarly, the group Gal(F∞,w/Wv) is of finite index in Hw . Also, it is
A. Bhave / Journal of Number Theory 122 (2007) 100–120 107easy to see that we have an isomorphism of Galois groups Gal(F∞,w/Wv)  Tu and that their
actions on Ep∞ coincide. Therefore H1(Tu, E˜p∞)  H1(F∞,w/Wv, E˜p∞). But the results in [5,
Lemma 5.25] show that Hi (Hw, E˜p∞) are finite for all i  1, hence the Zp-corank of ker(δv) is
zero.
Next, let E have good reduction at v and suppose that v divides m and that v does not divide p.
Then by Kummer theory, ker(δv) = H1(F∞,u/F cycv ,Ep∞(F∞,u)). In this case, v is unramified
in F∞ (cf. [20, VII 4.1]). But since F cycv is the maximal unramified Zp-extension of Fv , we see
that F∞,w ⊂ F cycv . Thus the Galois group Bu is isomorphic to Kw′ and hence
ker(δv) = H1
(
Kw′ ,Ep∞(K∞,w′)
)
.
We now use [14, Lemma 3.4] to see that the Zp-corank of ker(δv) is 2 whenever
Ep∞(K∞,w′) = 0, noting that Ep∞(F cycv ) = 0 if and only if Ep∞(K∞,w′) = 0.
Suppose v divides a prime in Sm and that E has bad reduction at v. As was remarked earlier
(Remark 2), E in fact has split multiplicative reduction at v. In this case, using the theory of
Tate curves, one sees that the extension Fv(Ep∞) is a Kummer extension obtained by adjoining
to F cycv , the pnth roots of the Tate period of the elliptic curve over Fv for all n. Then from [5,
Lemma 5.1] we see that cdp Hw = 1. As v  p, the extension F cycv is the maximal unramified
Zp-extension of Fv . Also, F∞,w is totally ramified over F cycv . Since (v,p) = 1, it is a tamely
ramified extension (cf. [2, Lemma 3.3]) of Fv . Arguing similarly, we see that K∞,w′ is a tamely
ramified extension of Fv . Now it is well known that the maximal tamely ramified p-extension of
Fv contains F cycv and is a unique Zp-extension of F cycv . Therefore, F∞,w = K∞,w′ = F∞,u and
hence Bu = Gal(F∞,u/F cycv ) has p-cohomological dimension 1. Therefore we get the isomor-
phism
H1
(
Kw′ ,Ep∞(K∞,w′)
) H1(Bu,Ep∞(F∞,u)).
From [14, Lemma 3.4], we know that the Zp-corank of H1(Kw′ ,Ep∞(K∞,w′)) is 1. Thus, in this
case, the Zp-corank of ker(δv) is 1.
Now we consider the prime v not lying above m, at which E has split multiplicative reduction
(see Remark 2). As v  p, v is unramified in K∞,w′ . Hence K∞,w′ ⊂ F cycv and hence F∞,u =
F∞,w . This implies that Bu is isomorphic to Hw . Kummer theory now gives an isomorphism
H1
(F∞,u/F cycv ,E(F∞,u))(p)  H1(Bu,Ep∞(F∞,u)).
From the above remark we have,
ker(δv) = H1
(
Hw,Ep∞(F∞,w)
)= H1(Bu,Ep∞(F∞,u))
and hence its Zp-corank is 1 by [5, Lemma 6.7].
If v does not lie over p or m and if v is a prime of good reduction for E, then v is unramified
in both K∞ and F∞. Therefore, both K∞,w′ and F∞,w are contained in F
cyc
v . This implies, in
this case, that all the three extension coincide with F cycv and hence ker(δv) = 0.
Thus, the Zp-corank of ker(δ) is equal to 2t (F )+ r(F ) as required. 
From the above discussion, we further get the following corollary, which will be of use in
Section 3.
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Proof. Indeed, coker(δ) = ⊕v|S coker(δv) = ⊕v|S H2(Bu,E(F∞,u))(p). The Hochschild–
Serre spectral sequence (12) along with the arguments in the proof of the above lemma then
show that this cokernel is indeed finite for all v. 
It is a deep conjecture of Mazur [19] that Xp(E/F cyc) is Λ(ΓF )-torsion when E has good or-
dinary reduction at primes above p. Let λE(F ) and μE(F), respectively, denote the λ-invariant
and the μ-invariant of the moduleXp(E/F cyc). If μE(F) := μ(Xp(E/F cyc)) = 0 and if Mazur’s
conjecture is true, then this is in fact equivalent to asserting that Selp∞(E/F cyc) is a cofi-
nitely generated Zp-module, in which case the λ-invariant can be viewed as the Zp-corank of
Selp∞(E/F cyc). We make the following assumption.
Hypothesis A. The dual Selmer group Xp(E/F cyc) is a finitely generated Zp-module.
Lemma 9. Let N∞ be any one of the above three strongly admissible extensions of F . Then
under Hypothesis A, the dual Selmer group Xp(E/N∞) is a finitely generated Λ(NF )-module,
where NF = Gal(N∞/F cyc).
Proof. From the lemmata above and by the Snake lemma, we see that ker(α) and coker(α) are
cofinitely generated Zp-modules in the Fundamental Diagram (3), under Hypothesis A. In view
of Nakayama’s lemma, it is then clear that Xp(E/N∞) is a finitely generated Λ(NF )-module,
recalling that the Galois group NF is pro-p. 
We remark that the same result has been obtained by Hachimori and is quoted in [13, Theo-
rem 5.4].
3. Cohomology of Selp∞(E/N∞)
Throughout this section, we assume that Hypothesis A holds. We consider the analogue of the
classical λ-invariant for the extension N∞ which is one of the three extensions F∞, K∞, or F∞
considered before.
Lemma 10. For i  1, the groups Hi (NF ,H1(F S/N∞,Ep∞)) are finite.
Proof. For N∞ = F∞, the result is proven in [6, Lemma 2.4].
If N∞ = K∞, then NF = KF (cf. (1)) and has p-cohomological dimension 1 and hence
Hi (KF ,H1(F S/K∞,Ep∞)) = 0 for i  2. Therefore we only have to prove the result for i = 1
in this case.
By [6, Lemma 2.1], we know that H2(F S/F cyc,Ep∞) = 0 as we have Hypothesis A. Hence
for any of the fields N∞, the Hochschild–Serre spectral sequence
Hi
(
NF ,Hj
(
FS/N∞,Ep∞
)) ⇒ Hi+j (FS/F cyc,Ep∞) (13)
gives an injective map
H1
(
NF ,H1
(
FS/N∞,Ep∞
))
↪→ H3(NF ,H0(FS/N∞,Ep∞)). (14)
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H1(F S/K∞,Ep∞)) = 0 and the lemma is proved for N∞ = K∞.
We now assume thatN∞ =F∞. The groups Hi (HF ,Ep∞) are finite for all i by [7, (A6)] and
by a theorem of Imai [17], the group Ep∞(F cyc) = H0(KF ,Ep∞) is finite which in turn implies
that the group H1(KF ,Ep∞) is also finite. Further, the higher cohomology groups vanish as
cdp KF = 1.
The arguments in the proof of Lemma 5 along with the Hochschild–Serre spectral sequence
Hi
(
HF ,Hj (AF ,Ep∞)
) ⇒ Hi+j (BF ,Ep∞)
applied to the tower (2) implies the finiteness of Hn(BF ,Ep∞). Using this in (13) we see that
Hi (BF ,H1(F S/F∞,Ep∞)) are finite for all i  1. 
Lemma 11. For i  1, the groups Hi (NF ,Jv(N∞)) are finite.
Proof. The case of N∞ = F∞ is proven in [6] and that of N∞ = K∞ is proven in [14].
Therefore, we have to prove the lemma only for N∞ = F∞. We want to show that the
groups Hi (BF ,Jv(F∞)) are finite for i  1. With notation as in (1), by Shapiro’s lemma,
Hi (BF ,Jv(F∞))  Hi (Bu,H1(F∞,u,E)(p)) and hence we are reduced to proving that the
groups Hi (Bu,H1(F∞,u,E)(p)) are finite for i  1. We have the following two cases:
Case i. v  p.
We have Jv(F∞) = H1(F∞,u,E(F∞,u))(p) and as v  p, by Kummer theory, we have
Jv(F∞)  H1(F∞,u,Ep∞). Let jE denote the j -invariant of E. Arguing as in [5, Lemma 5.4],
we can show that if v(j
E
) < 0, then Jv(F∞) = 0. Indeed, cdp Gal(F¯v/F∞,u) is zero and hence
Jv(F∞) = 0. Therefore clearly Hi (BF ,Jv(F∞)) = 0 for all i.
If v(j
E
)  0, then E has good reduction at v. First we consider the case v|m. Then v is
unramified in F∞ (cf. [20, VII 4.1]). Therefore F∞,w is contained in the maximal unramified
extension of Fv and hence F∞,w = F cycv , which in turn implies that F∞,u = K∞,w′ . Therefore
Ep∞(F∞,u) = Ep∞(K∞,w′) and Bu = Kw′ . We are thus reduced to showing that the groups
Hi (Kw′ ,H1(K∞,w′ ,Ep∞)) are finite for i  1. But this is clear from the Hochschild–Serre spec-
tral sequence
Hi
(
Kw′ ,Hj (K∞,w′ ,Ep∞)
) ⇒ Hi+j (F cycv ,Ep∞)
and the fact that Hi (F cycv ,Ep∞) = 0 for all i  2.
If v /∈ Sm ∪ Sp ∪ Sbad, then v is unramified in both K∞ and F∞ and hence F∞,u = F cycv .
Therefore the Galois group Bu is trivial and hence the proof of the lemma is complete in this
case.
Case ii. v|p.
As v|p, E has good ordinary reduction at v. In this case, F∞,u is a deeply ramified exten-
sion in the sense of [4]. By the theory of deeply ramified extensions [4, Propositions 4.3, 4.8],
H1(F∞,u,E)(p)  H1(F∞,u, E˜p∞), where E˜ is the reduced curve modulo v. Therefore we are
reduced to proving that the groups Hi (Bu,H1(F∞,u, E˜p∞)) are finite for all i.
We consider the Hochschild–Serre spectral sequence
Hi
(
Kw′ ,Hj (Tu, E˜p∞)
) ⇒ Hi+j (Bu, E˜p∞)
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Hj (Tu, E˜p∞)  HJ (Gal(F∞,w/Wv), E˜p∞) ∀j  0 and from the proof of Lemma 5.25 in [5]
we conclude that Hi (Bu, E˜p∞) are finite for all i. By the theory of deeply ramified extensions
Hi (F∞,u, E˜p∞) = 0 = Hi (F cycv , E˜p∞) for i  2. Applying this to the Hochschild–Serre spectral
sequence
Hi
(
Bu,Hj (F∞,u, E˜p∞)
) ⇒ Hi+j (F cycv , E˜p∞)
and using the finiteness of Hi (Bu, E˜p∞) we see that Hi (Bu,H1(F∞,u, E˜p∞)) are finite for all
i  1 and hence the lemma is proved. 
Lemma 12. Suppose Hypothesis A holds. Then the dual Selmer group Xp(E/N∞) is Λ(G)-
torsion where G denotes the Galois group Gal(N∞/F ), and the sequence
0 → Selp∞(E/N∞) → H1
(
FS/N∞,Ep∞
) λN∞−−−→⊕
v|S
Jv(N∞) → 0 (15)
is exact.
Proof. From Corollary 3.7 of [5], it is clear that under Hypothesis A, the sequence
0 → Selp∞(E/F∞) → H1
(
FS/F∞,Ep∞
) λF∞−−−→⊕
v|S
Jv(F∞) → 0 (16)
is exact and for N∞ = K∞, the exactness of (15) is in [14, Theorem 4.5]. We therefore assume
that N∞ = F∞. By Lemma 9, we know that Xp(E/F∞) is a finitely generated Λ(BF )-module
and therefore is torsion as a Λ(GF )-module.
Consider the diagram
0 Selp∞(E/F∞)AF H1(F S/F∞,Ep∞)AF
ψ∞
(
⊕
v|S Jv(F∞))AF
0 Selp∞(E/F∞)
α
H1(F S/F∞,Ep∞)
λF∞
β
⊕
v|S Jv(F∞)
δ
0
As cdp AF = 1, the vertical restriction map δ on the right is surjective. This implies that ψ∞ is
surjective. On the other hand, we consider the exact sequence
0 → Im(λF∞) →
⊕
v|S
Jv(F∞) → coker(λF∞) → 0
induced by (15). Then the long exact cohomology sequence associated to this sequence gives the
exact sequence
0 → Im(λF∞)AF →
(⊕
Jv(F∞)
)AF
→ (coker(λF∞))AF → 0. (17)
v|S
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H1(AF ,H1(F S/F∞,Ep∞)) = 0, which imply that H1(AF , Im(λF∞)) = 0. Observe that the map
ψ∞ is nothing but the restriction of λF∞ to H1(F S/F∞,Ep∞)AF . Thus, the surjectivity of ψ∞
implies that the first injective map in the exact sequence (17) above is in fact an isomorphism.
Therefore coker(λF∞)AF = 0, and as AF is pro-p and coker(λF∞) is a discrete p-primary mod-
ule, we see that coker(λF∞) = 0, thereby proving the lemma. 
Proposition 13. Assume Hypothesis A holds. Then the groups Hi (NF ,Selp∞(E/N∞)) are finite
for all i  1, where NF = Gal(N∞/F cyc).
Proof. Recall that Hypothesis A implies that Selp∞(E/F cyc) is a Λ(ΓF )-cotorsion module.
Therefore, by Lemma 2.1 of [6] we conclude that H2(F S/F cyc,Ep∞) = 0 and that the map
λF cyc is surjective. For i  2, the proposition follows easily on taking the long exact cohomology
sequence along (15) together with Lemmas 10 and 11. We are reduced to prove the result only
for i = 1. We give a detailed argument for the extension N∞ = F∞. First note that coker(δ) is
finite by Corollary 8. This implies that the cokernel of the map ψF∞ : H1(F S/F∞,Ep∞)BF →⊕
v|S Jv(F∞)BF is finite. Therefore we get an exact sequence
0 → coker(ψF∞) → H1
(
BF ,Selp∞(E/F∞)
)→ H1(BF ,H1(FS/F∞,Ep∞)),
where the latter group has been shown (cf. Lemma 10) to be finite. When N∞ = F∞, the result
has been proven in [6, Lemma 2.5]. ForN∞ = K∞ a similar proof works, where in fact, we have
Hi (KF ,Selp∞(E/K∞)) = 0 for all i  1. This completes the proof of the proposition. 
4. Comparing Λ(NF )-ranks of Xp(E/N∞) along a finite p-extension
We continue to assume that
(i) E has good ordinary reduction at all primes of F above p;
(ii) Hypothesis A holds.
In this section, we shall introduce the analogue of the Iwasawa λ-invariant for the strongly
admissible p-adic Lie extensions N∞ and study its variation along finite Galois p-extensions.
Let L be a finite Galois p-extension of F and let Lcyc be the cyclotomic Zp-extension of L.
Let ΓL denote the Galois group Gal(Lcyc/L). The classical Kida’s formula as proven by Hachi-
mori and Matsuno gives the change in the λ-invariant of the dual Selmer groups Xp(E/F cyc)
and Xp(E/Lcyc).
Before stating the theorem of Hachimori and Matsuno [12], we introduce the following nota-
tion. Consider the sets of primes in Lcyc given by
P1(L) = {w  p: E has split multiplicative reduction at w}, (18)
P2(L) =
{
w  p: E has good reduction at w and Ep∞
(
L
cyc
w
) = 0}. (19)
From Lemma 4, we note that #P1(F ) = r(F ). Let ew(Lcyc/F cyc) denote the ramification index
of a prime w of Lcyc over the subfield F cyc. The following theorem was proven by Hachimori
and Matsuno.
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a finite Galois p-extension of F . Assume that Hypothesis A holds for Xp(E/F cyc). Then
(i) Hypothesis A holds for the dual Selmer group Xp(E/Lcyc).
(ii) If λE(L) is the rank of the finitely generated Zp-module Xp(E/Lcyc), then we have
λE(L) = λE(F )
[
Lcyc : F cyc]+ ∑
w∈P1(L)
[
ew
(
Lcyc/F cyc
)− 1]
+ 2
∑
w∈P2(L)
[
ew
(
Lcyc/F cyc
)− 1].
Suppose that G is a p-adic, pro-p Lie group, without any elements of order p, so that its
Iwasawa algebra Λ(G) is a (left and right) Noetherian local domain (a special case of [18]). Let
M be a finitely generated left Λ(G)-module. Then the Λ(G)-rank of M is given by (cf. [15])
rankΛ(G) M =
∑
i0
(−1)i rankZp Hi (G,M). (20)
If N∞ is any one of the fields in the set (F∞,K∞, F∞), then it is strongly admissible and
therefore the Galois group and its subgroups are of the above type. From the previous section, we
further know that the dual Selmer group Xp(E/N∞) is finitely generated as a Λ(NF )-module,
where, as before, the Galois group Gal(N∞/F cyc) is denoted by NF . For such modules, Coates
and Howson proposed the Λ(NF )-rank as the analogue of the classical λ-invariant.
Now let L∞ be the field L · F∞. Let GL = Gal(L∞/L) and HL = Gal(L∞/Lcyc) (cf. (1)
and (2)). The following theorem compares the Λ(HL)-rank of Xp(E/L∞) with the Λ(HF )-rank
of Xp(E/F∞). This can be thought of as an analogue of Kida’s formula in this context. For any
finitely generated Λ(HL)-module (respectively Λ(HF )-module) M , we denote the Λ(HL)-rank
(respectively Λ(HF )-rank) of M by rankHL M (respectively rankHF M).
Theorem 15. We have,
rankHL Xp(E/L∞) =
[
Lcyc : F cyc](rankHF Xp(E/F∞))
+ 2
∑
w∈P2(L)
[
ew
(
Lcyc/F cyc
)− 1],
where P2(L) is the set of primes in Lcyc defined as in (19).
Proof. By Proposition 13, as the higher HL-homology groups are finite, we have on using the
rank formula (20)
rankHL Xp(E/L∞) = rankZp
(
Xp(E/L∞)HL
)
.
From the Fundamental Diagram (3) and from Lemmata 4, 5 and 9, we see that
rankZp
(
Xp(E/L∞)HL
)= λE(L)+ r(L). (21)
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λE(L)+ r(L) = λE(F )
[
Lcyc : F cyc]+ ∑
w∈P1(L)
[
ew
(
Lcyc/F cyc
)− 1]
+ 2
∑
w∈P2(L)
[
ew
(
Lcyc/F cyc
)− 1]+ r(L)
= λE(F )
[
Lcyc : F cyc]+ ∑
w∈P1(L)
ew
(
Lcyc/F cyc
)
+ 2
∑
w∈P2(L)
[
ew
(
Lcyc/F cyc
)− 1]. (22)
Since the primes v in P1(F ) and P2(F ) do not divide p (see (18), (19) for definitions), the
field F cycv contains the maximal unramified Zp-extension. Thus for the primes w in P1(L), the
residue degree fw(Lcyc/F cyc) = 1. Clearly, if w ∈ P1(L) and if v = w|F cyc , then E has split
multiplicative reduction at v and conversely (we recall that all the extensions considered here
are pro-p and p is odd). Hence, v ∈ P1(F ) if and only if w ∈ P1(L). Using this in (22), the
right-hand side of Eq. (21) is equal to
(
λE(F )+ r(F )
)[
Lcyc : F cyc]+ 2 ∑
w∈P2(L)
[
ew
(
Lcyc/F cyc
)− 1]
= rankHF Xp(E/F∞)
[
Lcyc : F cyc]+ 2 ∑
w∈P2(L)
[
ew
(
Lcyc/F cyc
)− 1].
This proves the theorem. 
Consider the extension M∞ = L · K∞ with Galois group KL = Gal(M∞/Lcyc). If M is a
finitely generated Λ(KL)-module (respectively Λ(KF )-module), then let rankKL M (respectively
rankKF M) denote its Λ(KL)-rank (respectively Λ(KF )-rank).
Theorem 16. The Λ(KL)-rank of Xp(E/M∞) is given by
rankKL Xp(E/M∞) = rankKF Xp(E/K∞)
[
Lcyc : F cyc]+ ∑
wm
w∈P1(L)
[
ew
(
Lcyc/F cyc
)− 1]
+ 2
∑
wm
w∈P2(L)
[
ew
(
Lcyc/F cyc
)− 1],
where Pi(L) are as in (18) and (19).
Proof. By Proposition 13, the higher KL-homology groups of the dual Selmer group are finite.
Hence, in view of (8) and the rank formula (20) we have
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(
Xp(E/M∞)KL
)= λE(L)+ s(L)+ 2t (L)
= λE(F )
[
Lcyc : F cyc]+ ∑
w∈P1(L)
[
ew
(
Lcyc/F cyc
)− 1]
+ 2
∑
w∈P2(L)
[
ew
(
Lcyc/F cyc
)− 1]+ s(L)+ 2t (L) (23)
the last equality being a consequence of Theorem 14.
We now introduce some further notation. For i = 1,2, let
Q1(L) = {w|Sm: E has split multiplicative reduction at w},
Q2(L) =
{
w|Sm: E has good reduction at w and Ep∞
(
L
cyc
w
) = 0}
be sets of primes in Lcyc not dividing p. Note that from Lemma 4, we have #Q1(L) = s(L) and
#Q2(L) = t (L).
Suppose v is a prime of F cyc and that w is a prime of Lcyc dividing v. Clearly v ∈ Q1(F )
if and only if w ∈ Q1(L) and a similar statement holds for Q2(F ) and Q2(L) as is seen by
using Nakayama’s lemma. Also, as in the previous theorem, since w  p, the residue degree
fw(L
cyc/F cyc) = 1 for primes in Qi(L). Thus, we have
∑
w∈Pi(L)
[
ew
(
Lcyc/F cyc
)− 1]
=
∑
w∈Qi(L)
[
ew
(
Lcyc/F cyc
)− 1]+ ∑
wm
w∈Pi(L)
[
ew
(
Lcyc/F cyc
)− 1]
= #Qi(F )
[
Lcyc : F cyc]− #Qi(L)+ ∑
wm
w∈Pi(L)
[
ew
(
Lcyc/F cyc
)− 1]. (24)
Substituting this in (23), the right-hand side of the rank formula is
rankKL Xp(E/M∞) =
[
Lcyc : F cyc](λE(F )+ s(F )+ 2t (F ))+ ∑
wm
w∈P1(L)
[
ew
(
Lcyc/F cyc
)− 1]
+ 2
∑
wm
w∈P2(L)
[
ew
(
Lcyc/F cyc
)− 1]
= rankKF Xp(E/K∞)
[
Lcyc : F cyc]+ ∑
wm
w∈P1(L)
[
ew
(
Lcyc/F cyc
)− 1]
+ 2
∑
wm
w∈P2(L)
[
ew
(
Lcyc/F cyc
)− 1].
Hence the theorem follows. 
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be the respective Galois groups. For any finitely generated Λ(BL)-module (respectively Λ(BF )-
module) M , let rankBL M (respectively rankBF M) denote its rank. In the next theorem, we com-
pare the Λ(BL)-rank of the dual Selmer group Xp(E/L∞) with the Λ(BF )-rank of Xp(E/F∞)
for a finite Galois p-extension L of F .
Theorem 17. The Λ(BL)-rank of Xp(E/L∞) is
rankBF Xp(E/F∞)
[
Lcyc : F cyc]+ 2 ∑
w∈(P2−Q2)(L)
[
ew
(
Lcyc/F cyc
)− 1],
where (P2 − Q2)(L) is the set of primes w in Lcyc dividing neither p nor m, at which E has
good reduction and for which the group Ep∞(Lcycw ) is non-trivial.
Proof. Arguing as before and using Lemma 7, we have
rankBL Xp(E/L∞) = rankZp Xp(E/L∞)BL = λE(L)+ r(L)+ 2t (L)
=
(
λE(F )
[
Lcyc : F cyc]+ ∑
w∈P1(L)
[
ew
(
Lcyc/F cyc
)− 1]
+ 2
∑
w∈P2(L)
[
ew
(
Lcyc/F cyc
)− 1]
)
+ r(L)+ 2t (L).
The same equations as in (24) hold when the sums are taken over primes in P1(L) and hence the
desired rank is
(
λE(F )+ r(F )+ 2t (F )
)[
Lcyc : F cyc]+ 2 ∑
w∈(P2−Q2)(L)
[
ew
(
Lcyc/F cyc
)− 1]
= [Lcyc : F cyc] rankBF Xp(E/F∞)+ 2
∑
w∈(P2−Q2)(L)
[
ew
(
Lcyc/F cyc
)− 1]. 
For each n 1, we consider the extensions Fn = F(Epn+1), Kn = K(μpn+1 ,m1/pn) andFn =
Fn ·Kn. Clearly, all these are finite Galois p-extensions of F . Using Theorem 14, we can examine
the growth of the λ-invariant as n goes to infinity.
Theorem 18. Assume that E has good ordinary reduction at all primes of F dividing p and
that the dual Selmer group Xp(E/F cyc) is a finitely generated Zp-module. Let Fn be the finite
Galois p-extension defined as above and let λE(Fn) denote the λ-invariant of the dual Selmer
group Xp(E/Fcycn ). Then λE(Fn) = O(p4n).
Proof. By Theorem 14, we have
λE(Fn) = λE(F )
[Fcycn : F cyc]+ ∑
un∈P1(Fn)
[
eun
(Fcycn /F cyc)− 1]
+ 2
∑ [
eun
(Fcycn /F cyc)− 1].un∈P2(Fn)
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the field F cycv contains the maximal unramified Zp-extension of Fv . Hence the residue degree
fun(Fcycn /F cyc) = 1. Therefore we have
∑
un∈P1(Fn)
eun
(Fcycn /F cyc)= ∑
un∈P1(Fn)
eun
(Fcycn /F cyc)fun(Fcycn /F cyc)
=
∑
v∈P1(F )
∑
un|v
eun
(Fcycn /F cyc)fun(Fcycn /F cyc)
= [Fcycn : F cyc]r(F ),
where as before r(F ) = #P1(F ). Hence we have
∑
un∈P1(Fn)
[
eun
(Fcycn /F cyc)− 1]= [Fcycn : F cyc]r(F )− r(Fn)

[Fcycn : F cyc]r(F ). (25)
A similar inequality holds when the sum is taken over primes in P2(Fn). In fact, we even get a
better bound in this case. Indeed, if un ∈ P2(Fn), then un  p and E has good reduction at un
and hence v = un|F cyc is unramified in F cycn [20]. If un  m, then v is also unramified in Kcycn .
Hence the ramification index eun(Fcycn /F cyc) is 1. Recalling that Q2(F ) = {w|Sm: E has good
reduction at w, Ep∞(F cycw ) = 0} and that #Q2(F ) = t (F ), we get
∑
un∈P2(Fn)
[
eun
(Fcycn /F cyc)− 1]= ∑
un∈Q2(Fn)
[
eun
(Fcycn /F cyc)− 1]
= [Fcycn : F cyc]t (Kn)− t (Fn)

[Fcycn : F cyc]t (F ). (26)
Thus from (25) and (26) we get the inequality
λE(Fn)
[Fcycn : F cyc](λE(F )+ r(F )+ 2 t (F ))
= N[Fcycn : F cyc],
where N = λE(F ) + r(F ) + 2t (F ) is independent of n. Observing that [Fcycn : F cyc] = p4n for
each n, we have λE(Fn) = O(p4n). This completes the proof of the theorem. 
Corollary 19. Assume the hypotheses of Theorem 18. Then there exists a constant N such that
the rank of the Mordell–Weil group E(Fcycn ) is at most Np4n where N does not depend on n.
Proof. We use the short exact sequence [20, Chapter X, §4]
0 → E(Fcycn )⊗Z Qp/Zp → Selp∞(E/Fcycn )→  (E/Fcycn )p∞ → 0, (27)
where (E/Fcycn ) denotes the Tate–Shafarevich group of E overFcycn . Taking Pontryagin duals
along (27), the result is plain from Theorem 14. 
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In this section, we consider some numerical examples to illustrate the above rank formulae.
Example 20. We consider the elliptic curve E to be
X1(11): y2 + y = x3 − x2
defined over the field F = Q(μ5). We choose p = 5 and in this case, we know that E has good
reduction at primes above 5. The curve does not admit complex multiplication. Also, E has split
multiplicative reduction at the prime 11 and has good reduction at all the other primes. Let F∞ =
F(E5∞) as usual, so that GF = Gal(F∞/F ) is a pro-5 group. Let F cyc be the cyclotomic Z5-
extension of F . It is shown in [7, Theorem 5.4] that Sel5∞(E/F cyc) = 0. Thus, the elliptic curve
E = X1(11) satisfies Hypothesis A. Then we know, from [5, Corollary 7.2] that the Λ(HF )-rank
of the dual Selmer group X5(E/F∞) is 20. Here we recall that HF := Gal(F∞/F cyc).
Let K∞ = F cyc(⋃n1 51/5n) so that m = 5 in this context. As the Selmer group
Sel5∞(E/F cyc) vanishes [7, Theorem 5.4], by [14, Proposition 4.12] we see that Sel5∞(E/K∞)
is trivial.
Consider an integer N  2 such that neither 5 nor 11 divides N . Let L = F [N1/5]. Then
L is a Galois extension of F of degree 5. Note that E has good reduction at all the primes of
F dividing N since (N,11) = 1 and they are totally ramified in L since (5,N) = 1 and the
ramification index is 5.
Clearly the set P1(L) is precisely (see (18) for the definition) the set of primes of Lcyc dividing
11 and these primes are unramified in the extension Lcyc/F cyc since (11,N) = 1. Also, recall
that P2(L) is the set of primes w in Lcyc not dividing 5 at which E has good reduction and for
which the group E5∞(L
cyc
w ) = 0. Since E5∞(F ) = Z/5Z = 0, by Nakayama’s lemma we see that
P2(L) is exactly the set of distinct primes of Lcyc dividing N .
Now, consider the extension M∞ = K∞ · L and KL = Gal(M∞/Lcyc). Then by Theorem 16
we can compare the coranks of the Selmer groups and get
rankΛ(KL)X5(E/M∞) = 2 × (5 − 1)× #P2(L) = 8 # P2(L).
Thus, even though the dual Selmer group X5(E/K∞) is trivial, for a finite extension L as above,
the Λ(KL)-rank of the dual Selmer group at the false Tate curve level can be as large as possible.
Our next example illustrates how the results of this paper can be combined with the methods
of [8] to give a concrete example of a strongly admissible p-adic Lie extension where their
Conjecture B is seen to be true. Let E be an elliptic curve defined over F without CM, let p  5
be a prime number and let N∞ be a strongly admissible p-adic Lie extension of F . As in [8], we
denote the fine Selmer group of E over N∞ by R(E/N∞) and recall that it is defined by
R(E/N∞) = ker
{
H1
(
FS/N∞,Ep∞
)→ ∏
u|v
v∈S
H1(N∞,u,Ep∞)
}
.
Its compact Pontryagin dual is denoted by Y(E/N∞). It is conjectured [8, Conjecture B] that
Y(E/N∞) is a pseudo-null (left) module over Λ(Gal(N∞/F )). We show that the results of
this paper provide examples of other admissible p-adic Lie extensions N∞ where the above
mentioned conjecture is seen to be true with Y(E/N∞) = 0.
118 A. Bhave / Journal of Number Theory 122 (2007) 100–120Theorem 21. Let N∞ be a strongly admissible p-adic Lie extension of F with G = Gal(N∞/F )
and NF = Gal(N∞/F cyc). Assume that
(i) p  5 is a prime;
(ii) E has good ordinary reduction at all the primes above p;
(iii) Hypothesis A holds; and
(iv) the group H1(Gu,Ep∞) is finite where Gu is the decomposition subgroup of a prime u|p of
N∞ in G.
If rankΛ(NF )Xp(E/N∞) is even and if the group E(N∞) has a point of infinite order, then
rankΛ(NF ) Y (E/N∞) rankΛ(NF )Xp(E/N∞)− 2.
In the above set up if rankΛ(NF )Xp(E/N∞) is odd, then
rankΛ(NF ) Y (E/N∞) rankΛ(NF )Xp(E/N∞)− 1.
Proof. The proof is exactly similar to that in [8, Theorem 4.5] and therefore we shall omit it. 
We shall use this theorem below to construct a concrete example where the pseudo-nullity
conjecture holds. We first check that assumption (iv) (in the above theorem) is true.
Proposition 22. Let E be an elliptic curve without complex multiplication defined over F . Let
N∞ = F∞ be the strongly admissible p-adic Lie extension defined as the composite extension
F∞ ·K∞ with Galois group GF = Gal(F∞/F ). Let v be a prime of F dividing p and let u be a
prime of F∞ dividing v, with Gu = Gal(F∞,u/Fv) as the local decomposition subgroup of GF .
Assume that E has good ordinary reduction at v. Then the group H1(Gu,Ep∞) is finite.
Proof. Consider the tower of extensions as in (11). Put Γv = Gal(F cycv /Fv), Gw :=
Gal(F∞,w/Fv), Bu := Gal(F∞,u/F cycv ) and Zw′ := Gal(K∞,w′/Fv) as before (cf. (11)).
By Lemma 6 the extension Wv = K∞,w′ ∩F∞,w is finite over F cycv . Consider the Hochschild–
Serre spectral sequence
Hi
(
Zw′ ,Hj (Tu,Ep∞)
) ⇒ Hi+j (Gu,Ep∞) (28)
for the tower (11). As the actions of the Galois groups Tu = Gal(F∞,u/K∞,w′)  Gal(F∞,w/Wv)
coincide on Ep∞ , we conclude that H1(Tu,Ep∞) is finite using [9, Theorem 1.5]. Also,
as H0(Tu,Ep∞) = Ep∞(K∞,w′) is finite by [14, Lemma 3.12], both the groups H1(Zw′ ,
H0(Tu,Ep∞)) and H0(Zw′ ,H1(Tu,Ep∞)) are finite. This implies that H1(Gu,Ep∞) is finite
in view of (28). This completes the proof of the proposition. 
It is conjectured in [8] that Y(E/F cyc) is always a finitely generated Zp-module (Conjec-
ture B) and that Y(E/N∞) is a pseudo-null Λ(Gal(N∞/F ))-module.
Example 23. We can now discuss a numerical example. Consider the elliptic curve E = A1 of
conductor 150 in Cremona’s table
y2 + xy = x3 − 3x − 3.
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and 3. Take p = 5 and define F = Q(μ5). Then E has good ordinary reduction at the unique
prime of F dividing 5. Clearly, the extension F∞ = Q(E5∞) is a pro-5 extension of F because
μ5 is a Galois submodule of E5. Note that the primes 2 and 3 remain inert in F . It is shown in [8]
that the dual of the fine Selmer group Y(E/F∞) has Λ(HF )-rank 0 or 2, and that the Λ(HF )-
rank is 0 (so that Y(E/F∞) is then pseudo-null by [21, Proposition 5.4]) provided E(F∞) has a
point of infinite order. Unfortunately, it remains unknown whether E(F∞) has a point of infinite
order. We now discuss Conjecture B of [8] for this curve over the two extensions K∞ and F∞
formed by taking m = 3. Fisher [10] has produced a point of infinite order in E(Q[31/5]), namely
(
33/5 + 32/5 + 2 · 31/5,34/5 + 32/5 + 31/5 + 6).
By Proposition 22 and by Lemma 4.2 of [8], both the extensions K∞ and F∞ of F satisfy
hypotheses of Theorem 21. Moreover, we claim that
rankΛ(KF )X5(E/K∞) = 1, rankΛ(BF )X5(E/F∞) = 2.
This easily follows from the following facts:
(i) X5(E/F cyc) = 0 (which was first remarked by Fisher);
(ii) the unique prime of F above 3 remains inert in F cyc;
(iii) the unique prime of F above 2 remains inert in F cyc.
Thus it follows from Theorem 21 and Proposition 22 that both Y(E/K∞) and Y(E/F∞) have
respective Λ(KF )-rank and Λ(BF )-rank zero. Hence both are pseudo-null, confirming Conjec-
ture B of [8] in both cases. It seems surprising that one can verify Conjecture B of [8] for a
strongly admissible p-adic Lie extension whose Galois group has dimension 5.
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